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Abstract: We investigate the field dependence of the gauge coupling functions of
four-dimensional Type IIB orientifold and F-theory compactifications with space-time
filling seven-branes. In particular, we analyze the constraints imposed by holomorphicity
and covariance under shift-symmetries of the bulk and brane axions. This requires
introducing quantum corrections that necessarily contain Riemann theta functions on
the complex torus spanned by the D7-brane Wilson line moduli. Our findings hint
towards a new underlying geometric structure for gauge coupling functions in string
compactifications. We generalize this discussion to a genuine F-theory compactification
on an elliptically fibered Calabi-Yau fourfold. We perform the first general dimensional
reduction of eleven-dimensional supergravity and dualization to the F-theory frame.
The resulting effective action is compared with the circle reduction of a four-dimensional
N = 1 supergravity theory. The F-theory geometry elegantly unifies bulk and brane
degrees of freedom and allows us to infer non-trivial results about holomorphicity and
shift-symmetries. For instance, we gain new insight into kinetic mixing of bulk and
brane gauge fields.
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1 Introduction
In four-dimensional effective actions with minimal N = 1 supersymmetry, the dynamics
of the vector fields crucially depends on the gauge coupling functions determining their
kinetic terms. Supersymmetry requires this function to be holomorphic in the complex
scalars that arise as the bosonic parts of chiral multiplets [1]. This holomorphicity allows
to infer certain non-renormalization theorems for this coupling function. In particular,
one can show that it only receives perturbative corrections to one-loop order, while
non-perturbative corrections can be generally present. In effective theories arising from
string theory, the gauge coupling function can depend on scalars admitting classical
shift-symmetries. While this is key in the implementation of anomaly cancellation via
the Green-Schwarz mechanism [2, 3], these symmetries can also constrain the functional
form of the coupling independent of any gauging. In this work we exploit the interplay
between holomorphicity and symmetries in the study of gauge coupling functions of
brane and R-R gauge fields.
Deriving the gauge coupling function in a full-fledged string model can be challenging.
In intersecting D-brane models this function has been investigated since their first
construction [4, 5]. Of particular interest in this work will be intersecting Type IIB D-
brane models with space-time filling D7-branes and O7-planes and their generalizations
to F-theory models with seven-branes of general type. We furthermore focus on
compactifications yielding a four-dimensional effective theory withN = 1 supersymmetry.
At weak string coupling, i.e. when D7-branes and O7-planes are considered, the gauge
coupling function can be studied by dimensionally reducing the D7-brane effective action
as done in [6, 7].
Interestingly, it was already pointed out in [6] (and for the mirror-dual configurations
in [8]) that the gauge coupling functions determined by direct classical reduction are
not holomorphic in the complex coordinates determined for the rest of the effective
action. First, this was observed for the D7-brane gauge coupling function in the presence
of D7-brane Wilson line moduli. A solution to this problem was, however, suggested
in [6], by arguing that the missing terms arise at one-string-loop order by using the
orbifold results of [9, 10]. Second, including the mixing with R-R bulk U(1)’s, a further
seeming conflict with holomorphicity in the independently derived complex coordinates
is encountered. Given these gaps in our understanding of these basic couplings, one
might wonder if there is a more systematic approach to determine and analyze these
couplings. In this paper we suggest that by carefully studying the shift-symmetries of
the axions in the theory, one can significantly constrain the gauge coupling function of
both closed and open string gauge fields. This is done for the Type IIB weak string
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coupling setting in detail in section 2, while the generalization to F-theory can be found
in section 3 and section 4. We should note however, that the F-theory analysis is not
simply a generalization, but it is also useful in uncovering new interesting facts about
the Type IIB case.
In general, the gauge coupling functions fˆ of D-branes depend on R-R form axions
of the underlying supergravity theory. Since these forms admit shift-symmetries, they
can be used to constrain the functional dependence of fˆ on the R-R-form axions. Using
holomorphicity, one is then lead to constraints on the dependence of fˆ on the complex
coordinates. Clearly, exploiting the symmetry properties for determining the gauge
coupling function in string compactifications is not new and has, for example, already
been discussed intensively in heterotic models (for early works on this subject, see
e.g. [11, 12] and references therein). However, one fact that has not been exploited
systematically is that higher-degree R-R forms can transform non-trivially under the
shift-transformations of lower-degree R-R or D-brane gauge transformations. This is a
direct consequence of having Chern-Simons terms in higher dimensions which, as we
will discuss in detail, translates into having non-Abelian shift-symmetries among the
axions in the lower-dimensional effective field theory.
Our strategy to constrain the corrections to the gauge coupling function is to
combine our knowledge of the appropriate N = 1 complex coordinates with the
expected symmetry properties of the gauge coupling function. More precisely, we first
note that the gauge coupling function fˆD7 is proportional to the Ka¨hler coordinates
Tα in the absence of R-R and NS-NS two-form scalars Ga and D7-brane Wilson line
scalars ap. Including these fields, one finds corrections to Tα depending on Ga, ap as
well as their complex conjugates G¯a, a¯p. We argue that once these moduli are included,
the gauge coupling function cannot be simply given by Tα, since that would break the
discrete shift symmetries. However, just by using holomorphicity and such discrete
symmetries, we can derive that the correction to fˆD7 is a holomorphic section of a
certain line bundle over the complex torus spanned by the axions. Finally, this fixes
the form of the corrections, which consist of logarithms of Riemann theta functions
depending on the Wilson lines.
The improved understanding of D7-brane gauge coupling functions finds an elegant
description when moving to F-theory models studied via M-theory. In the F-theory
description, the seven-brane dynamics is encoded by the geometry of an elliptically
fibered Calabi-Yau fourfold Y4. In particular, the complex structure moduli, seven-brane
positions, and the axio-dilaton reside in a joint moduli space: the moduli space of
complex structure deformations of Y4. We also have that the two-form scalars Ga,
Wilson lines ap and R-R gauge fields are unified as arising from elements of the third
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cohomology of Y4. In fact, they parameterize the complex torus H2,1(Y4)/H3(Y4,Z).
The gauge coupling function can then be determined via the duality to M-theory on the
same fourfold by the following procedure: (1) compactify a general four-dimensional
N = 1 theory on a circle, (2) integrate out all massive modes in the three-dimensional
Coulomb branch, (3) compare the result with an M-theory compactification on a smooth
Calabi-Yau fourfold. Using this procedure, the leading seven-brane gauge coupling
function was found in [13] and some first results on corrections to this result have been
obtained using this duality in [14]. As for the Type IIB case, we expect that in general
the gauge coupling function depends on the scalars Ga and Wilson lines. As of now,
however, the contribution from two-form scalars and Wilson lines has not been obtained
via an M-theory reduction. Thus, in this work we will perform an M-theory reduction
on a generic elliptically fibered Calabi-Yau fourfold keeping track of all fields including
the two-form scalars, the Wilson lines and the R-R gauge fields, thereby generalising
the results in [13]. We also explain in great detail the relevance of having an elliptically
fibered space and the dualization procedure to bring the effective action to the correct
F-theory duality frame to compare with a four-dimensional theory. Exploiting the shift-
symmetries in the M-theory reduction and the F-theory frame we present a detailed
discussion of the F-theory gauge coupling function. We extend the analysis of [15] and
propose quantum corrections to ensure holomorphicity and shift-symmetry invariance.
This work is organized as follows. In section 2 we discuss the N = 1 effective
action of a Type IIB orientifold compactification with a space-time filling D7-brane. We
introduce the complex coordinates and Ka¨hler potential capturing the dynamics of a
rigid D7-brane with Wilson line moduli. We then study the symmetries of the moduli
space and their action on the gauge coupling function, which allows us to derive certain
constraints for fˆ . In section 3, we perform the dimensional reduction of M-theory on a
generic smooth Calabi-Yau fourfold and dualize to the correct F-theory duality frame.
We carefully derive the shift-symmetries of the effective theory and the effect of the
dualization on them. In section 4 we determine the gauge coupling function by matching
the M-theory reduction with a circle reduction of a four-dimenisonal theory. Finally, we
discuss the constraints that holomorphicity and gauge-invariance imposes on it. We
leave a detailed discussion of the dualization of three-dimensional action to appendix A
and of the circle reduction of a four-dimensional theory to appendix B.
2 The D7-brane gauge coupling function and kinetic mixing
In this section we consider the four-dimensional effective action that arises from Calabi-
Yau orientifold compactifications of Type IIB with D7-branes and O7-planes. In
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particular, we aim to determine the characteristic functions determining the standard
N = 1 supergravity with bosonic action [1]
S(4) =
∫ 1
2Rˆ ?ˆ 1− KˆAsB dMˆA ∧ ?ˆ dĎˆM B¯ − 14 Re fˆIJ(Mˆ)Fˆ I ∧ ?ˆFˆ J
− 14 Im fˆIJ(Mˆ)Fˆ
I ∧ Fˆ J ,
(2.1)
where KˆAsB are the second derivatives of a real Ka¨hler potential Kˆ(Mˆ, ĎˆM) and fˆIJ(Mˆ)
is the holomorphic gauge coupling function. We will denote four-dimensional quantities
with a hat. The functions Kˆ, fˆIJ as well as the complex coordinates MˆA are determined
by reducing Type IIB supergravity coupled to the D7-brane and O7-plane world-volume
actions following and extending [6, 7, 16]. We will also discuss the shift-symmetries and
certain quantum corrections of the effective theory.
2.1 Complex coordinates and the Ka¨hler potential in Type IIB orientifolds
The general form of the effective action for the bulk fields in such compactifications was
determined in [16] by reducing Type IIB supergravity on a Calabi-Yau manifold Y3, while
also including the action of an holomorphic involution σ : Y3 → Y3. The action of σ∗
on the cohomology groups splits them into eigenspaces Hp,q(Y3) = Hp,q+ (Y3)⊕Hp,q− (Y3).
The basis used to span these cohomologies is listed in table 1. This leads to the following
cohomology group basis elements fields index range
H1,1+ (Y3) ωα vα, Cα2 α = 1, . . . , h
1,1
+ (Y3)
H1,1− (Y3) ωa ba, ca a = 1, . . . , h1,1− (Y3)
H2,2+ (Y3) ω˜α ρα α = 1, . . . , h1,1+ (Y3)
H3+(Y3) (ακ, βκ) Aκ, A˜κ κ = 1, . . . , h
2,1
+ (Y3)
H3−(Y3) (αkˆ, βkˆ) zk kˆ = 1, . . . , h
2,1
− (Y3) + 1
Table 1. Real basis for the cohomology groups. The dimensions are denoted by hp,q± (Y3) =
dimHp,q± (Y3). (ακ, βκ) and (αkˆ, β
kˆ) are symplectic basis. Our index conventions include
k = 1, . . . , h2,1− , while the hat on kˆ indicates the labeling of one further element. We also list
the four-dimensional fields associated to these basis elements in the expansions (2.2).
expansion of the Ka¨hler form J of Y3, and the NS-NS and R-R form fields
J = vαωα , B2 = baωa , C2 = caωa ,
C4 = Cα2 ∧ ωα + ραω˜α + Aκ ∧ ακ + A˜κ ∧ βκ ,
(2.2)
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where ca, ba, and ρα are scalars, Cα2 are two-forms, and (Aκ, A˜κ) are vectors in the
four-dimensional effective theory. It is crucial to stress that C4 has a self-dual field-
strength, given by F5 = dC4 + 12B2∧dC2− 12C2∧dB2.1 This yields a duality between the
two-forms Cα2 and scalars ρα, and identifies A˜κ as the magnetic dual of Aκ. Therefore,
we can eliminate the two-forms Cα2 in favor of ρα and the vector A˜κ in favor of Aκ. It
is, however, interesting to point out that the structures we discuss later on can be also
analyzed in the dual frames as we will see in section 3. In addition to the zero modes of
the forms (2.2), also the axio-dilaton τ = C0 + ie−φ reduces to a four-dimensional field.
Finally, the deformations of the Calabi-Yau metric compatible with σ are the Ka¨hler
structure deformations vα and the complex structure deformations zk parameterizing
forms in H2,1− (Y3,C). Note that τ and zk are complex fields.
Before turning to the D7-branes let us note that a general N = 1 compactification
can include background fluxes H3 and F3 [17, 18]. These transform negatively under σ∗
and therefore admit an expansion
H3 = mkˆHαkˆ + e
H
kˆ
β kˆ , F3 = mkˆFαkˆ +m
F
kˆ
β kˆ , (2.3)
with the basis introduced in table 1. It is well-known that these fluxes induce a non-
trivial superpotential in this Type IIB setting [19]. In the following we will not discuss
background fluxes in much detail. While they can be included in the bulk sector without
much effort, we will require however that they do not alter the couplings of the D7-brane.
The coupling to a single space-time filling D7-brane was studied in detail in [6, 7] by
dimensionally reducing the D7-brane Born-Infeld and Chern-Simons actions. In order
to review the results we will make some simplifying assumptions. In particular, we will
analyze on the dynamics of a single D7-brane while being aware that a tadpole canceling
configuration requires the inclusion of other D7-branes.2 This will allow us to focus on
the structures relevant to this work. Some interesting generalizations will appear in the
study of the F-theory vacua of section 3. In particular, the F-theory analysis contains
the proper inclusion of the seven-brane deformation (or position) moduli.
Let us consider a D7-brane wrapped on a divisor S in Y3 and denote its orientifold
image by S ′ = σ(S). It is useful to introduce S+ = S∪σ(S) and S− = S∪−σ(S), where
the minus sign stands for orientation reversal. This allows to split the cohomologies
1Notice that we use a different convention than [6] for the field C4. In particular, they are related by
Chere4 = Cthere4 − 12B2 ∧C2. In order to compare with the results obtained from the F-theory reduction,
it is more convenient to use this convention, which makes Chere4 invariant under Sl(2,Z).
2A more thorough discussion of the global constraints on such settings can be found, for example,
in [20]. We refer the reader to these works especially for the discussion of the D5-brane tadpole
constraint and the appropriate quantization conditions.
– 6 –
Hp,q(S+) = Hp,q+ (S+)⊕Hp,q− (S+) under σ. Then, the eight-dimensional gauge field A
and embedding ζ of the D7-brane image pair can be expanded as [6, 7]
A = AD7P− + apγp + a¯pγ¯p , p = 1, . . . , h1,0− (S+) , (2.4)
ζ = ζK sK + ζ¯K s¯K , K = 1, . . . , h2,0− (S+) , (2.5)
where P− is a function equal to +1 on S and −1 on σ(S). The fact that these have to
be expanded into H1,0− (S+) and H2,0− (S+), respectively, follows from the action of the
orientifold on the open string states.
It is important to stress that the notion of γp being (0, 1) implies that the forms
depend on the complex structure moduli zk of the ambient Calabi-Yau space Y3. To
make this dependence more explicit, we can expand
γp = 12 Re f
pq(αˆq − i sfqrβˆr) , (2.6)
where (αˆp, βˆp) is a real basis of H1(S). Here fpq is a holomorphic function in the complex
structure moduli zk. For an appropriate basis, its real part Re fpq is invertible and we
denote the inverse by Re fpq. This ansatz can be justified in the F-theory reduction as
argued in [13, 15, 21] and was recently used in Type IIB orientifolds in [22]. While not
a priori obvious a parametrization of the form (2.6) will allow us to bring the effective
action into standard N = 1 form. This is most clearly seen in the F-theory treatment
to which we will come back in section 3. Clearly, one can also expand A into the real
basis (αˆp, βˆp) such that
A = AD7P− + c˜ p αˆp + cp βˆp ,
ap = icp + fpq c˜ q .
(2.7)
The basis (αˆp, βˆp) is independent of the complex structure deformations and therefore
all complex structure dependence in ap is again captured by the function fpq. We
summarize our notation for the open string sector in table 2.
We are now in the position of stating our simplifying assumptions. First, we will
assume that3
[σ(S)] = [S] , (2.8)
i.e. that S and its orientifold image S ′ are in the same homology class. This implies
that the U(1) gauge field of the D7-brane is not massive by a geometric Stu¨ckelberg
mechanism [6, 23, 24]. And second, we will assume the vanishing of the intersections∫
S+
i∗αkˆ ∧ αˆp =
∫
S+
i∗αkˆ ∧ βˆp =
∫
S+
i∗β kˆ ∧ αˆp =
∫
S+
i∗β kˆ ∧ βˆp = 0 , (2.9)
3Here and in the following we will denote by [D] the two-form class Poincare´ dual to the divisor D.
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cohomology group basis element fields index range
H1,0− (S+) γp ap p = 1, . . . h1,0− (S+)
H2,0− (S+) sK ζK K = 1, . . . h2,0− (S+)
H1− (S+) (αˆp, βˆp) (c˜p, cp) p = 1, . . . h
1,0
− (S+)
Table 2. Cohomology groups on the D7-brane divisor S+. The dimensions are denoted by
hp,q± = dimH
p,q
± . While γp and sK are complex basis elements, the forms (αˆp, βˆp) constitute a
real basis.
where i denotes the embedding map of S+ into Y3, i : S+ ↪→ Y3. This condition
ensures that there is no superpotential that obstructs complex structure and Wilson
line deformations.4 The considered D7-branes can admit an arbitrary number h2,0− (S+)
of deformations ζK and h1,0− (S+) of Wilson line moduli ap. To keep the presentation
simple, we will freeze the fields ζK as well as all matter fields arising at the intersections
among D7-branes. This will allow us to focus the following discussion the couplings of
the Wilson line moduli ap. In the F-theory reduction, presented in section 3, a general
dependence on the seven-brane deformations will be included and also charged matter
states are (implicitly) accounted for.
Let us note that the condition (2.9) is only imposed for the orientifold negative
forms (αkˆ, βkˆ) in Y3. The positive forms (ακ, βκ) can non-trivially intersect the negative
one-forms on S−. Thus, we introduce the intersection numbers
Mκp =
∫
S−
i∗ακ ∧ αˆp , Mκp =
∫
S−
i∗ακ ∧ βˆp ,
Mp
κ =
∫
S−
αˆp ∧ i∗βκ , Mpκ =
∫
S−
βˆp ∧ i∗βκ .
(2.10)
As we discuss in subsection 2.5, these couplings control the kinetic mixing of the
D7-brane U(1) AD7 with the R-R gauge fields Aκ of the bulk theory.
We are now in the position to display the four-dimensional N = 1 complex coordi-
nates. First, we have the complex fields
Set 1: τ = C0 + ie−φ, zk , (2.11)
which are already complex in our reduction ansatz. Their complex structure does not
depend on other fields in the reduction. Note that the D7-brane deformations ζK are
4This was discussed in [6] from the perspective of relative cohomology and was derived in [25] from
backreaction effects in supergravity.
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part of Set 1, but have been frozen to keep the presentation simpler. Second, there are
the complex fields
Set 2: Ga = ca − τba , ap , (2.12)
which admit a complex structure that changes with the values of the fields in Set 1
given in (2.11). This is obvious from the definition of Ga and readily inferred for the
ap’s by noting that they are coefficients of complex structure dependent (0, 1)-forms in
(2.4). Finally, there is a third set of fields:
Set 3: Tα =
1
2Kαβγv
βvγ + iρα+
i
2(τ − τ¯)KαabG
a(G− G¯)b+ 12dα
pqap(a+ a¯)q , (2.13)
which non-trivially depends on the fields in Set 1 and Set 2. The Tα are often termed
the complexified Ka¨hler structure moduli. The introduced couplings are given by the
Y3 intersection numbers
Kαβγ =
∫
Y3
ωα ∧ ωβ ∧ ωγ , Kαab =
∫
Y3
ωα ∧ ωa ∧ ωb , (2.14)
as well as the complex structure dependent function
dα
pq = i
∫
S+
i∗ωα ∧ γp ∧ γ¯q = −12 Re f
qrQαr
p , Qαr
p = Mαrp + ifrsMαsp , (2.15)
with
Mαp
q =
∫
S+
i∗ωα ∧ αˆp ∧ βˆq , Mαpq =
∫
S+
i∗ωα ∧ βˆp ∧ βˆq . (2.16)
For completeness, let us note that the Ka¨hler potential takes the seemingly simple
form
Kˆ = −2 logV − log(τ − τ¯)− log
( ∫
Y3
Ω ∧ Ω¯
)
. (2.17)
This Ka¨hler potential depends on the complex coordinates (2.11)-(2.12), i.e. we identify
in (2.1) that
MˆA = (τ, zk, Ga, ap, Tα) . (2.18)
All the field dependence of this Kˆ on the fields of Set 2, i.e. the Ga and ap, arises only
through the definition of Tα. In fact, we note that the volume V = 16Kαβγvαvβvγ in
(2.17) depends on Tα by solving (2.13) for vα, which then introduces a dependence on
Ga, ap mixed with τ, zk.
To conclude this subsection we discuss a special case for the above compactification
separately in which several of the couplings simply. More precisely, we briefly summarize
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the above result for h1,0− (S+) = 1 and h1,1− (Y3) = 0, i.e. the case in which the rigid D7-
branes only admits a single complex Wilson line modulus a. In this case the dynamics
of a is encoded by the correction to Tα given by
Tα =
1
2Kαβγv
βvγ + iρα − 14(Re f)
−1Mα a(a+ a¯) , (2.19)
where we have used that Mαpq in (2.16) reduces to a vector denoted by Mα and that
Mα
pq vanishes due to antisymmetry for one modulus. The kinetic terms of a depend
non-trivially on the complex structure moduli zk through the holomorphic function f .
2.2 Continuous and discrete shift-symmetries
Having introduced the complex coordinates (2.11), (2.12), and (2.13) we are now in the
position to discuss the symmetries. In order to do that we first recall that Ga and Tα
contain zero modes of R-R and NS-NS forms and therefore inherit discrete symmetries
from large gauge transformations of C2, B2 and C4. These are shifts by integral closed
2-forms, namely
δC2 = λaωa , δB2 = λ˜aωa , (2.20)
where λa and λ˜a are appropriately quantized constants.5 Turning to C4, an obvious
large gauge transformation is δC4 = λαω˜α, for constant λα. However, we note that the
field-strength F5 = dC4 + 12B2 ∧ dC2− 12C2 ∧ dB2 actually contains terms depending on
C2 and B2. Therefore, the shifts (2.20) induce a shift of C4 as
δC4 = λα ω˜α − 12 λ˜
aωa ∧ C2 + 12λ
aωa ∧B2 . (2.21)
A second set of symmetries arises from internal gauge transformations on the D7-brane
world-volume. For constants λp, λ˜p these are parameterized by
δA = λ˜p αˆp + λp βˆp . (2.22)
Also in this case one finds that the four-form C4 has to shift. While we will not give
the transformation of C4 directly, let us point out that it can be inferred by noting the
NS-NS two-form B2 naturally combines with F = dA on the D7-brane world-volume as
F = i∗B2 − 2piα′F , (2.23)
where we have temporarily restored the α′ dependence. This implies that one can
capture the gauge degrees of freedom of an Abelian D-brane with B2, and the fact that
5As usual, the four-dimensional theory obtained from dimensional reduction is invariant under a
continuous version of the symmetry, while quantum effects break it to the discrete subgroup.
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the field C4 shifts under (2.22) is already contained in (2.21). A more detailed discussion
how this is done in practice can be found in [26]. The transformations can be simply
inferred when investigating the N = 1 coordinates as we will see next. Furthermore,
since F is gauge invariant, under a shift of the B-field (2.20), we have to shift the
worldvolume flux on the brane accordingly
δF = 12piα′ λ˜
ai∗ωa . (2.24)
To examine the shifts of the N = 1 chiral coordinates, we first focus on the fields of
Set 2 defined in (2.12). Performing the transformations (2.20) and (2.22) we find that
δGa = λa − τ λ˜a , δap = iλp + fpqλ˜q , (2.25)
where we have used that ap arises in the expansions (2.4) and (2.7). Both shifts are
holomorphic in the moduli of Set 1 given in (2.11) and are shown to unify when using
the F-theory description in terms of a Calabi-Yau fourfold (see section 3). The fields of
Set 3 have the most involved transformation properties:
δTα = iλα− i2Kαabλ˜
a(2Gb+δGb)− 12 λ˜
pQαp
q(aq+δaq)− 12aq(Mα
pqλp+Mαpqλ˜p) , (2.26)
which can be inferred by investigating the isometries of the Ka¨hler manifold spanned by
all complex fields with Ka¨hler potential (2.17). Notice that this is valid for finite values
of the transformation parameters and that the shift is holomorphic. It is also important
to stress that (2.26) implies that the shift in δρα not only depends on λα but also on λa,
λ˜a, λp, λ˜p. As mentioned above, this is a consequence of the transformation rule for C4
given in (2.21), together with the shift induced by (2.22). This, in turn, implies that the
isometry group generated by the transformation is actually a non-Abelian. To see this,
we introduce the Killing vectors ta, t˜a, tp, t˜p and tα for the symmetries parameterized by
λa, λ˜a, λp, λ˜p, and λα. These are then found to respect the non-trivial commutators [15]
[ta, t˜b] = −Kαab tα , [tp, t˜q] = −Mαpq tα . (2.27)
This algebra is a generalization of the well-known Heisenberg algebra. It is an interesting
challenge to gauge this algebra while preserving supersymmetry [15, 27].
As mentioned earlier, in the absence of gaugings for the isometries (2.25) and (2.26),
one expects that the continuous global shift-symmetries are actually broken to discrete
symmetries at the quantum level. Since the discrete version of the symmetries comes
from large gauge transformations in the higher-dimensional p-form fields, such shifts
– 11 –
actually identify field configurations in the Set 2 to parameterize complex tori T2h
1,1
−
closed
and T2h1,0open , e.g. one finds the identifications
ca ' ca + 1 , ba ' ba + 1 ,
cp ' cp + 1 , c˜p ' c˜p + 1 ,
(2.28)
and Ga, ap parameterizing 6
T2h
1,1
−
closed =
H1,1− (Y3,C)
H2−(Y3,Z)
, T2h
1,0
−
open =
H1,0(S,C)
H1(S,Z) . (2.29)
The complex structure on T2h
1,1
−
closed is simply given by τ , while the complex structure on
T2h1,0open is encoded in the holomorphic function fpq. Finally, also ρα is periodic ρα ' ρα+1,
but one has to additionally impose identifications under (2.28) using δρα obtained from
(2.26). These identifications render the field space spanned by ca, ba, cp, c˜p and ρα to be
compact.
2.3 The N = 1 gauge coupling function
We turn now to the N = 1 gauge coupling function for the Type IIB orientifold setting
and study its symmetries. To keep the discussion simple, we first focus on the case in
which the kinetic mixing is absent, i.e. the case in which the couplings (2.10) are zero
Mκp = Mκp = Mpκ = Mpκ = 0 . (2.30)
We will comment on the more general situation in subsection 2.5.
A first way to obtain the gauge coupling function is by performing a direct dimen-
sional reduction. For the R-R gauge fields Aκ one then finds [16]
fˆκλ = Fκλ|zκ=0 , (2.31)
where Fκλ = ∂zκ∂zλF is the second derivative of the holomorphic N = 2 pre-potential
F for Y3 of the underlying theory. The restriction in (2.31) is to the slice of complex
structure deformations that are compatible with the orientifold condition σ∗Ω = −Ω,
for the (3, 0)-form of Y3. The function fˆκλ is thus holomorphic in the complex structure
deformations zk.
6We are sloppy here by assuming that the σ∗ split is compatible with restricting to integer homology
and by neglecting cohomological torsion.
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Let us next include the D7-brane. In the absence of the moduli Ga and ap in Set 2,
one finds by a reduction of the Dirac-Born-Infeld and Chern-Simons action that
fˆD7 = δαD7
(1
2Kαβγv
βvγ + iρα
)
. (2.32)
Here δαD7 is the restriction to the world-volume S+ and can be obtained by expanding the
Poincare´-dual two-from [S+] to S+ into the basis ωα, i.e. [S+] = δαD7 ωα. The real part
of fˆD7 is determined by using the calibration conditions for supersymmetric cycles and
thus obtained from the volume of S+ measured in the ten-dimensional Einstein-frame
metric. In the string frame one has RefˆD7 ∝ g−1s . Clearly, in the absence of fields of Set
2 the gauge-coupling is fˆD7 = δαD7 Tα and thus holomorphic in the N = 1 coordinates.
Its imaginary part non-trivially shifts with λα under (2.21), which are the standard
constant shifts of the theta-angle.
The inclusion on the Ga moduli is also straightforward, since the corrections in Ga
are at the same order of gs as the volume part. Indeed, dimensionally reducing the D7
action one finds that, with vanishing worldvolume flux, the gauge coupling function
is [6]7
fˆD7 = δαD7
[1
2Kαβγv
αvβ + 12e
−φKαabbabb + i
(
ρα − 12Kαabc
abb + C0
1
2Kαabb
abb
)]
, (2.33)
which is holomorphic in the Tα coordinates (2.13) in the absence of Wilson line moduli.
We note that, naively, the gauge coupling function is now transforming non-trivially
under the symmetries (2.26) since, in addition to the constant shifts with λα, one also
finds shifts with λa holomorphic in Ga and τ . However, (2.33) is only valid when the
gauge flux on the D7-brane is zero, i.e. F = 0, which as noted above, is not a gauge
invariant condition since it shifts according to eq. (2.24). Thus, the gauge invariant
version of (2.33) is actually
fˆD7 = δαD7
(
Tα + iKαabfaGb + i2τKαabf
af b
)
, (2.34)
where we defined the worldvolume fluxes fa as
F = 12piα′f
ai∗ωa. (2.35)
Since these transform according to (2.24), we find that the gauge coupling function
is both holomorphic and invariant under the whole set of shift symmetries (modulo a
constant imaginary shift), as it should.
7The slightly odd factor of 1/2 in the term proportional to Kαabcabb arises due to fact that our C4
is shifted such that it is Sl(2,Z) invariant in Type IIB.
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Finally, when including the Wilson line moduli for the D7-brane, we immediately
face a problem. At first, one might think that the gauge coupling function is given
in this case by (2.34), where Tα contains a quadratic term in the Wilson lines (2.13).
However, the dimensional reduction of the D7-brane action does not give such a term
and we find again (2.32). As argued in [6], a contribution quadratic in the Wilson lines
is generated at one loop in gs and is therefore natural that it is not captured by the
Dirac-Born-Infeld action, which is only valid at tree level in open string amplitudes.8
Such corrections were computed in [9, 10] in toroidal models, which show that indeed, a
quadratic term arises at one loop level. It is therefore natural to split fˆD7 as
fˆD7 = fˆ redD7 + fˆ
1−loop
D7 , (2.36)
where fˆ redD7 is obtained by direct dimensional reduction of the D7-brane action. Compar-
ing (2.36) with (2.34) one is lead to make the ansatz
fˆ 1−loopD7 =
1
2δ
α
D7 dα
pqap(aq + a¯q) + log Θ , (2.37)
where Θ is a holomorphic function. Note that our analysis of the shift symmetries
implies that the quadratic term in (2.37) cannot be the full result, since under shifts
of the Wilson line moduli, the field Tα shifts by a non-constant term, which would
make the gauge coupling function non-gauge invariant. We therefore introduced the
non-vanishing holomorphic function Θ in the moduli ap and zk. In the next section we
discuss the properties of this completion in more detail.
2.4 One-loop corrections and theta-functions
Let us have a closer look at the inclusion of the Wilson line moduli in the discussion
of the D7-brane gauge coupling function fˆD7. As stressed above the quadratic term in
the ap arise at order g0s , i.e. is only visible at the open string one loop level. In toroidal
models [9, 10] it was furthermore shown that the fully corrected gauge coupling function
contains a Riemann theta function depending on the D-brane moduli. In toroidal
models, these theta functions arise due to the underlying toroidal compactification space.
While we are not dealing with such a simple geometry, we have stressed in (2.29) that
the Wilson lines in this more general orientifold compactification also parameterize a
higher-dimensional complex torus. In the following we will use this fact together with
the transformation property (2.26) to infer the general form of fˆD7 as a function of ap.
More precisely, we suggest that Ψ = efˆ1−loopD7 introduced in (2.37) can be viewed as a
8This was also noticed in the mirror dual configurations [8], which were also studied in [28].
Corrections in Type IIA orbifolds have been studied, for example, in [29–31].
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holomorphic section of a certain line bundle on the torus T2h
1,0
−
open introduced in (2.29).
Our construction is inspired by the discussion of the M5-brane action first given in [32].
It has been extended and applied relevantly for our orientifold setting, for example,
in ref. [33, 34]. A similar strategy has been also suggested in the construction of the
non-perturbative N = 1 superpotential [35–38].
2.4.1 A simple case with one Wilson line modulus
Before discussing the general case let us exemplify our reasoning for a single Wilson
line a, i.e. for the situation discussed around (2.19). The complex field a parameterizes
a complex two-torus T2open with complex structure given by the function f . As above
we can write a = ic + f c˜ with c ∼= c + 1, c˜ ∼= c˜ + 1. We then introduce the following
connection on this torus
A = iM4 Re f (a da¯− a¯ da) . (2.38)
with M ∈ 2piZ. The field strength F = iM2 Re f da∧da¯ is a (1,1)-form, so A is a connection
on a holomorphic line bundle L. Holomorphic sections of L are defined as sections that
satisfy
∂¯A Ψ =
(
∂¯ − iAa¯
)
Ψ = 0 , (2.39)
where the differential is with respect to a¯. Note that Ψ is defined on a torus and thus
has to respect appropriate boundary conditions. Compatibility of (2.39) with the torus
shifts a ∼= a+ ni+mf , with n,m ∈ Z, implies that Ψ has to transform as
Ψ(a+ ni+mf) = exp
(
− iM2 Re f Im [(in+ fm) a¯]
)
Ψ(a) , (2.40)
where we kept f constant, therefore ignoring the dependence on complex structure.
One can now simply solve the differential equation (2.39) together with the boundary
conditions (2.40). There are |M |/2pi linearly independent solutions given by (see
e.g. [39])9
Ψj = e
− M
4Ref a(a+a¯)ϑ
 2pijM
0
(iMf
2pi , iMa
)
, j = 0, 1, . . . , |M |/2pi − 1 , (2.41)
with
ϑ
µ
ν
 (τ, a) = ∑
l∈Z
eipiτ(µ+l)
2
e2pii(µ+l)(a+ν) (2.42)
9One can show that there are |M | independent solutions without having to solve the equation. This
follows from an index theorem, see e.g. [40], which in this case is
∫
T 2 F = −M .
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the Jacobi theta function. Notice that the theta functions above can be seen as
holomorphic sections of the bundle defined by (2.38) in holomorphic gauge, i.e. with
A0,1 = 0 but A1,0 6= 0, defined by the following complex gauge transformation10
Ah = A− d
(
iM
2 Re f aRe a
)
= − iMRe f Re a da . (2.43)
One thus recovers the standard transformation behavior of the theta functions under
the torus shifts.
In order to relate the Ψj given in (2.41) to the gauge coupling function we next
consider taking the logarithm of an arbitrary solution Ψ = ∑|M |−1j=0 CjΨj,
log Ψ = − M4Ref a (a+ a¯) + log Θ , Θ =
|M |−1∑
j=0
Cj ϑ
 2pijM
0
(iMf
2pi , iMa
)
. (2.44)
This equation is already quite illuminating. The first piece is precisely the correction to
the Tα coordinate proportional to the moduli a, as in eq. (2.19). The second term, log Θ,
is holomorphic in a and transforms precisely in the right way to render δαD7 Tα + log Θ
invariant under shifts in a. Therefore, identifying
fˆD7 = δαD7 Tα + log Θ , (2.45)
with M = δαD7Mα and appropriate Cj , yields a suitable completion of the gauge coupling
function of a D7-brane. As promised, we have identified Ψ = efˆ1−loopD7 as a holomorphic
section of a line bundle on a two-torus, when viewing the one-loop part of the Tα
coordinates as functions of a, a¯.
Note that we have only focused on the a-dependence of fˆD7 in the above discussion.
We know, however, that supersymmetry implies that fˆD7 also has to be holomorphic in
the complex structure moduli zk. Indeed, we find that our construction appropriately
yields such a holomorphic dependence through the theta functions ϑ in (2.44) due
to the holomorphic function f(zk). In general, however, the coefficients Cj can also
depend holomorphically on the moduli zk. This dependence is not constrained by
our considerations of shift-symmetries. It can be constrained by including further
symmetries, such as monodromy symmetries in the complex structure moduli space,
but considerations of this type are beyond the scope of this work.
10Usually we consider only gauge transformations A→ A+ dχ with χ a real function. However, the
eq. (2.39) is invariant under the complexified gauge group so we may take χ complex.
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2.4.2 The general case with several Wilson line moduli
Let us now repeat the same arguments for the more general situation with several Wilson
line moduli ap. The first step consists of constructing the line bundle L on T2h
1,0
−
open , by
defining an appropriate connection. We do this by analyzing the general transformations
(2.26) of Tα under the torus shifts. Then we can follow the same strategy as above to
constrain the expected one-loop correction.
We would like to consider a holomorphic function Θ(zk, ap) such that under the
shift (2.25) of the ap satisfies
Θ(zk, ap + δap) = exp(− δαD7 δTα) Θ(zk, ap) , (2.46)
with δTα given in (2.26). The existence of such a Θ implies that
fˆD7 = δαD7 Tα + log Θ , (2.47)
remains invariant. As above, when viewing Tα as functions of ap we can identify
Ψ = efˆ1−loopD7 as a holomorphic section of the line bundle L satisfying (2.39) for some
connection A.
It is easier to determine the connection A in holomorphic gauge which reads
Ah =
i
4δ
α
D7 (2Mαpq Re fpr Re ar +Mαpqap) daq . (2.48)
Indeed, one checks that (freezing complex structure) the connection transforms as
Ah(ap + δap) = Ah(ap) + dχ , χ = −iδαD7 δTα . (2.49)
The field strength of Ah is
F = − i4δ
α
D7 Mαp
r Re fpq dar ∧ da¯q , (2.50)
where we imposed that
δαD7
(
Mα
pq + Re f r[pMαrq]
)
= 0 (2.51)
such that F 2,0 = F 0,2 = 0. Notice that the field strength does not depend on Mαpq
which, in particular, means that the number of solutions of (2.39) is independent of
Mα
pq.11 Note that the constraint (2.51) can actually always be satisfied for a single
11This is related to the fact that in (2.27) the couplings Mαpq (and not Mαpq) determine the structure
constants of the isometries of the scalar manifold.
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D7-brane when choosing a basis (αˆp, βˆp) in (2.6) that is symplectic with respect to the
inner product 〈α, β〉 = ∫S+ δαD7 ωα ∧ α ∧ β.12
We can thus infer the form of the solution Θ is a sum over the Riemann theta
functions
ϑ
µp
νp
 (fpq, ap) = ∑
lp∈Γ
eipifpq(µ
p+lp)(µq+lq)e2pii(µ
p+lp)(ap+νp) , (2.52)
where Γ is a h1,0− -dimensional integer lattice. As in the simpler case considered before,
the coefficients in this sum can be complex structure dependent and are not constrained
by the torus shift-symmetries. In fact, in this section we worked in a fixed complex
structure of the Calabi-Yau threefold. For a proper treatment of the dependence on
complex structure moduli, we should consider a line bundle over T2h
1,0
−
open , which is itself
fibered over the space of complex structures.
This concludes our discussion on the interplay between holomorphicity of the gauge
coupling function and its behavior under the shift-symmetries of the axions when there
is no kinetic mixing among the open and closed string gauge bosons.
2.5 Comments on kinetic mixing and gaugings
Up to now we have assumed that the kinetic mixing between the open and closed string
U(1)’s vanishes, c.f. (2.30). In this section we comment briefly on how the presence of
mixing changes the situation (see [41, 42] for a discussion on kinetic mixing in D-brane
models from a different perspective).
As shown in [6], the mixing is controlled by the couplings defined in (2.10). In our
notation, the result that one obtains from reducing the D7-brane action is
fˆκD7 = Re fpq Re fκλ(Mqλ − if¯ qrM rλ) ap . (2.53)
Since both fκλ and fpq depend holomorphically on complex structure, we find that fˆκD7
has a complicated dependence on the complex structure moduli, which does not seem
holomorphic. However, the M-theory computation done in the next section shows that
there is an identity which proves that this quantity is actually holomorphic. Indeed,
one can show that
Re fpq Re fκλ(Mqλ − if¯ qrM rλ) = Mκp + ifκλMλp , (2.54)
and so the mixing becomes
fˆκD7 =
(
Mκ
p + ifκλMλp
)
ap , (2.55)
12Note that this inner product can be degenerate on the full set (αˆp, βˆp).
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which is now manifestly holomorphic. Notice that from the type IIB perspective this is
a highly non-trivial identity among (2,1)-forms in the internal space and (0,1)-forms on
the worldvolume of the brane. However, in the F-theory description, both of them lift
to three-forms in the Calabi-Yau fourfold, where the identity (2.54) becomes obvious
(see the discussion around (3.18)).
Now we can analyze how the kinetic mixing behaves under the shift symmetries of
the axions ap. Clearly, fˆκD7 is not invariant, which might be a reason to think that this
cannot be correct, or at least not the full result. However, the presence of mixing has
an interesting consequence for the symmetries, which implies that the gauge coupling
function must transform non-trivially under shifts in the Wilson lines. Again, since this
is most easily seen from the M/F-theory description done in the next section, we will
just quote the result here. Under a shift (2.25), we have that 13
δAκ = dΛκ − (Mpκλ˜p +Mpκλp)AD7 ,
δAD7 = dΛD7 ,
(2.56)
where we included the corresponding gauge transformations of the vectors, Λκ and ΛD7.
Thus, a shift in the axions induces a constant change of basis in the space of U(1)’s,
which mixes the open and closed gauge bosons. For integer values of λ˜p and λp, we
find that the change of basis for the vectors is also integral, as expected from charge
quantization. This, in turn, implies that the gauge coupling function has to depend on
the Wilson lines and should not be invariant under the symmetries, unlike in the case
where the mixing vanishes. We leave a more detailed discussion to subsection 3.4.
Let us close this section with some remarks about the interplay between the
transformation (2.56) and the gauging of the isometries (2.27) of the scalar manifold
from a purely field-theoretical perspective. As we stressed earlier, the isometries of the
scalar manifold are non-Abelian, while the gauge symmetry of the vectors is Abelian.
This suggests that one cannot gauge such isometries without introducing extra vectors
or structure. However, this is not the case, precisely because the vectors transform as
in (2.56). Indeed, suppose that we gauge the isometries
XA = ΘApt˜p + ΘAptp + ΘAαtα , (2.57)
where A runs over κ and the D7-brane gauge boson, and Θ is the embedding tensor.
This means that, under a gauge transformation, we have to perform a shift in the
13Notice that the couplings that appear in (2.56) are not exactly those in (2.55). However, using the
identity (2.54) we see that the transformation of the vectors is trivial if and only if the kinetic mixing
is zero. This was already observed in [42].
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corresponding axions, namely
λ˜p = ΘApΛA , λp = ΘAp ΛA , λα = ΘAα ΛA . (2.58)
Thus, the parameters λ˜p and λp are generically no longer constant and the transformation
(2.56) is not simply a constant change of basis. Instead, using (2.58) it becomes
δAκ = dΛκ − (MpκΘAp +MpκΘAp)AD7 ΛA ,
δAD7 = dΛD7 ,
(2.59)
which can be readily recognized as the gauge transformation of a non-Abelian gauge
group. Thus, we see that the transformation (2.56) allows to gauge certain non-Abelian
isometry starting with an Abelian gauge group. Finally, since the resulting gauge group
is non-compact and non-semisimple, the gauge coupling function cannot be constant [27],
which fits nicely with what we find from the reduction.14 See [15, 43, 44] for more
details on the gauging of such isometries.
3 M-theory on Calabi-Yau fourfolds and the F-theory frame
In this section, we perform the dimensional reduction of M-theory on a smooth Calabi-
Yau fourfold Y4 without fluxes. Then, by restricting to the case in which Y4 is elliptically
fibered, we perform the necessary dualization to compare the resulting three-dimensional
theory to the circle reduction of an arbitrary four-dimensional N = 1 supergravity
theory. Let us note that this approach has been already successfully applied in previous
works, see e.g. [13, 15, 23, 45]. However, it is crucial to stress that the reduction
and comparison that we present is the most general analysis carried out so far.15 In
particular, we will cover the cases that capture kinetic mixing between R-R bulk and
7-brane gauge fields.
3.1 Dimensional reduction of M-theory on a smooth fourfold
We begin our analysis by performing the dimensional reduction of eleven-dimensional
supergravity on Y4. Such reductions were performed already in [46–48], and we will
deviate from these works only by considering a more explicit ansatz for the (2, 1)-forms
on Y4.
14Actually, as shown in [15], the gauge coupling function does not depend on the gaugings.
15Also in comparison to [21] we will drop simplifying assumptions.
– 20 –
The starting point is the bosonic part of eleven-dimensional supergravity given by
S(11) = 12
∫ (
Rˆ ?ˆ1− 12Gˆ ∧ ?ˆ Gˆ−
1
6Cˆ ∧ Gˆ ∧ Gˆ
)
, (3.1)
where Rˆ is the eleven-dimensional Ricci scalar and Gˆ = dCˆ is the four-form field strength
for the three-form Cˆ. We will consider backgrounds of the form
〈dsˆ2〉 = ηµν dxµ dxν + 2gmn¯ dym dyn¯ ,
〈dCˆ〉 = 0 , (3.2)
where gmn¯ is a Calabi-Yau metric on the fourfold Y4. This choice of background ensures
that the resulting effective theory is a three-dimensional N = 2 supergravity.
The effective theory of interest include all massless fluctuations around the back-
ground solution (3.2). The massless modes arising from fluctuations of the metric can
be encoded in terms of the Ka¨hler form J expanded as
J = vΣωΣ , Σ = 1, . . . , h1,1(Y4) , (3.3)
where ωΣ form a basis of harmonic two-forms. The fields vΣ are three-dimensional
real scalar fields that parametrize the Ka¨hler structure deformations of Y4. We also
have h3,1(Y4) complex fields zK, K = 1, . . . , h3,1(Y4), that encode the complex structure
deformations of Y4.
The massless modes that come from fluctuations of the M-theory three-form Cˆ are
given by
Cˆ = AΣ ∧ ωΣ +NAΨA + N¯AΨ¯A , A = 1, . . . , h2,1(Y4) , (3.4)
where we introduced ΨA, a basis of harmonic (1, 2)-forms. We note that AΣ are three-
dimensional vector fields and NA are three-dimensional complex scalars. Following [13],
we choose the following parametrization of the (1, 2)-forms
ΨA = 12 Re f
AB(αB − i sfBCβC) , (3.5)
where (αA, βB) are a basis of integral harmonic real three-forms and fAB is holomorphic
in complex structure. We also defined Re fAB, which is the inverse of Re fAB. Thus, Gˆ
is given by
Gˆ = dAΣ ∧ ωΣ +DNA ∧ΨA +DN¯A ∧ Ψ¯A , (3.6)
with
DNA = dNA − ReNB Re fBC∂KfCA dzK , D sNA = ĘDNA . (3.7)
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cohomology group basis element fields index range
H1,1 (Y4) ωΣ (LΣ, AΣ) Σ = 1, . . . h1,1 (Y4)
H3,1 (Y4) χK zK K = 1, . . . h3,1 (Y4)
H2,1 (Y4) ΨA NA A = 1, . . . h2,1 (Y4)
H3 (Y4) (αA, βA) (c˜A, cA) A = 1, . . . h2,1 (Y4)
Table 3. Relevant cohomology groups in the reduction on Y4. The dimensions are denoted
by hp,q(Y4) = dimHp,q(Y4). While ΨA and χK are complex basis elements, the forms ωΣ and
(αA, βA) constitute real basis elements.
Note that we could have also chosen to use the real basis (αA, βB) in the expansion of
Cˆ. This would introduce real scalars (c˜A, cA), which are related to the complex scalars
NA via NA = icA + fABc˜A, but we will work directly with NA. The basis form and
corresponding fields are summarized in table 3.
Substituting the ansatz (3.3) and (3.4) into the action (3.1) and performing a Weyl
rescaling, which brings the effective action into the Einstein frame, we find that the
three-dimensional effective theory is given by
S(3) =
∫ 1
2R ? 1−GKL¯ dz
K ∧ ? dz¯L¯ −GΣΛ dLΣ ∧ ? dLΛ −GΣΛ dAΣ ∧ ? dAΛ
− 12 L
ΣdΣ
ABDNA ∧ ?D sNB − 14i dΣABFΣ ∧ (NAD sNB − sNBDNA) .
(3.8)
Let us introduce the different objects that appear in this expression. We introduced the
rescaled Ka¨hler moduli
LΣ = v
Σ
Vˆ , V =
1
4!KΣΛΓ∆L
ΣLΛLΓL∆, Vˆ = 14!
∫
Y4
J4 , (3.9)
with
KΣΛΓ∆ =
∫
Y4
ωΣ ∧ ωΛ ∧ ωΓ ∧ ω∆ , (3.10)
the intersection number of two-forms. The kinetic term for the complex structure moduli
zK depends on a Ka¨hler metric given by
GKL¯ = −
∫
Y4 χK ∧ χL¯∫
Y4 Ω ∧ Ω¯
= −∂zK∂z¯L¯ log
(∫
Y4
Ω ∧ Ω¯
)
, (3.11)
where χL are a basis of harmonic (3, 1)-forms, with L = 1, . . . , h1,3(Y4). Regarding the
kinetic terms for the vector multiplets (LΣ, AΣ), we have that
GΣΛ =
Vˆ
4
∫
Y4
ωΣ ∧ ? ωΛ = − 18V
(
KΣΛ − 118VKΣKΛ
)
= −14∂LΣ∂LΛ logV , (3.12)
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where we defined
KΣ = KΣΛΓ∆LΛLΓL∆ , KΣΛ = KΣΛΓ∆LΓL∆ , (3.13)
and used that
? ωΣ = −12J ∧ J ∧ ωΣ +
Vˆ2
36KΣJ ∧ J ∧ J . (3.14)
Finally, we introduced the couplings∫
Y4
ΨA ∧ ?Ψ¯B = LΣdΣAB , dΣAB = i
∫
Y4
ωΣ ∧ΨA ∧ Ψ¯B , (3.15)
where we used that ?ΨA = −iJ ∧ΨA. These can be written as
dΣ
AB = −12 Re f
BCQΣCA , QΣCA = MΣCA + ifCBMΣBA , (3.16)
when using the intersection numbers
MΣAB =
∫
Y4
ωΣ ∧ αA ∧ βB , MΣAB =
∫
Y4
ωΣ ∧ βA ∧ βB , (3.17)
which are independent of the Ka¨hler and complex structure moduli. Notice that there
are two important properties of the ΨA that we have used numerously throughout the
derivation:
dΣ
AB =ĘdΣBA , ∫
Y4
ωΣ ∧ΨA ∧ΨB = 0 , (3.18)
The first relation implies that Re fAB Re fCDĞQΣBD = QΣCA and is the origin of the
identity (2.54). The second identity allows to remove the intersection numbers involving
αA ∧ αB, such that the result only depends on MΣAB and MΣAB defined in (3.17).
3.2 The three-dimensional N = 2 action and its symmetries
Before manipulating the three-dimensional effective theory (3.8) further, it is important
to stress that it can be written in an N = 2 form with three-dimensional Yang-Mills
terms [48]. This implies that all couplings are determined by a real function K, which
we will call the kinetic potential. Explicitly the bosonic part of the N = 2 action takes
the form
S
(3)
N=2 =
∫ 1
2R ? 1− K˜
Aˆ
¯ˆ
B dφAˆ ∧ ? dsφ ¯ˆB
+ 14K˜ΣΛ
(
dLΣ ∧ ? dLΛ + FΣ ∧ ?FΛ
)
+ FΣ ∧ Im(K˜AˆΣ dφAˆ) ,
(3.19)
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where φAˆ denotes the different complex scalar multiplets, zK and NA, and (LΣ, AΣ)
corresponds to vector multiplets. Comparing (3.8) with (3.19) one infers that the kinetic
potential is given by
K˜(NA, zK|LΣ) = − log
( ∫
Y4
Ω ∧ sΩ)+ logV + LΣ ReNARe[dΣBANB] . (3.20)
It is worth pointing out that (3.20) is valid without any further assumptions about the
real three-forms (αA, βB) appearing in (3.5).16
Let us briefly discuss the symmetries of the effective action. First of all, it has an
Abelian gauge symmetry given by
δAΣ = dΛΣ , (3.21)
where ΛΣ is an arbitrary function. Furthermore, as advanced earlier, it has a global
Abelian symmetry acting on the scalars NA as
δNA = iλA + fABλ˜B , (3.22)
with λA and λ˜A real constants. These symmetries descend from large gauge transfor-
mations of the Cˆ-field, namely δCˆ = λ˜AαA + λAβA with λ˜A, λA ∈ Z. As usual, the
classical supergravity analysis is invariant under a continuous version of the symmetry,
while quantum effects break it to the discrete group. Using this discrete version one
identifies the scalars NA to parameterize a complex torus
T2h
2,1(Y4)
M =
H2,1(Y4)
H3(Y4,Z)
, (3.23)
with a complex structure encoded by the function fAB. Since fAB and NA vary with
zK, this torus is non-trivially fibered over the complex structure moduli space. This is
reminiscent of the complex tori discussed in (2.29), since one of the zK of the Calabi-Yau
fourfold will translate to the τ in the orientifold limit. However, the three-dimensional
action (3.19) with (3.20) is not yet in the correct duality frame in order to make the
connection with the four-dimensional F-theory setting manifest.
We will turn to the dualization and the match with a four-dimensional theory in
the next subsection. Before doing this, let us point out another interesting feature of
the above formulation. It is not difficult to check that the kinetic potential (3.20) is not
invariant under (3.22), but rather transforms as
δK˜ = −12L
Σ Re
[
QΣAB(NB + δNB)λ˜A + (MΣABλ˜A +MΣABλA)NB
]
. (3.24)
16In [21] it was assumed that a basis can be chosen such that βA ∧ βB = 0 in cohomology. While
this simplifies the computations significantly and is compatible with the weak coupling limit, it needs
not necessarily be imposed in general.
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However, we check that this transformation yields a boundary term in the action and
can therefore be neglected. The reason for this fact is that, in general, the kinetic
potential in (3.19) is unique up to
δK˜ = Re g(φ) + LΣ RehΣ(φ) , (3.25)
where g(φ), hΣ(φ) are holomorphic functions of φAˆ. Indeed, using that fAB is holomorphic
in zK this is precisely what happens in (3.24). While being in three dimensions, we
have thus found a natural set of holomorphic functions in our setting. As we will see
later, these play a key role in the up-lift to four dimensions and indeed reappear in the
holomorphic gauge coupling function.
3.3 Dualization of fields to the F-theory frame
The previous reduction is valid for any smooth Calabi-Yau fourfold. In order to have an
F-theory background, we have to restrict to the cases in which Y4 is elliptically fibered,
which imposes certain conditions on the geometric data. In turn, these translate into
restrictions on the three-dimensional effective action that ensure that it comes from the
compactification of a four-dimensional theory on a circle. This is expected from the
M-theory to F-theory duality and the main tool to infer information about F-theory
effective actions. However, performing the Y4 reduction as in subsection 3.1 the resulting
three-dimensional theory is generally not in the correct duality frame to lift it to a
four-dimensional theory, so a Hodge star duality is usually required. Before going into
the details of the dualization, let us illustrate this with an example.
Consider a massless chiral multiplet Φˆ and a massless vector multiplet Aˆ of a
four-dimensional N = 1 supersymmetric theory that cannot be dualized into each other.
When we dimensionally reduce on a circle, we find that the chiral multiplet gives an
N = 2 chiral multiplet Φ in three dimensions and the vector Aˆ yields an N = 2 vector
multiplet, that consists of a three-dimensional vector field A together with a real scalar a.
Since the vector field A is massless, it can be dualized to a real scalar a˜ which, together
with a, corresponds to a chiral multiplet ΦA. Conversely, we can also dualize the chiral
multiplet Φ into a vector multiplet if it appears in the three-dimensional action with
a real continuous shift symmetry. In general, after performing such a dualization, we
can no longer lift the theory back to four dimensions. Thus, if we start with an N = 2
three-dimensional theory (with massless scalars and vectors) and wish to lift it to four
dimensions, we first have to make sure we are in the correct duality frame.
In our case, the structure of the elliptic fibration, together with the expectations
from Type IIB compactifications, is enough to find the correct frame. Following [13, 45],
– 25 –
we split the three- and two-forms as
ΨA = (ΨA,Ψκ) , ωΣ = (ωιˆ, ωα) , (3.26)
where Ψκ correspond to three-forms on the base of the fibration and ΨA have components
on the fiber. Similarly, the two-forms ωα, which are dual to vertical divisors, come from
the base whereas ωιˆ do not. In particular, the latter can be further split as
ωιˆ = (ω0, ωi) , (3.27)
where ω0 is dual to the base and ωi include the exceptional divisors and the extra
sections. We can give a rough characterization of these forms by counting how many
‘legs’ their components have in the elliptic fiber. In fact, ωα, Ψκ have no legs in the
elliptic fiber. ΨA, ωi have generically components with one and zero legs in the elliptic
fiber, while ω0 has generically components with two, one and zero legs in the elliptic
fiber. In order to have a non-vanishing coupling depending on an Y4-integral over the
above forms, one has to have a wedge-product of forms that admits at least some
components with two legs along the elliptic fiber. One thus immediately finds the
vanishing conditions
Kαβγδ = 0 , Kiαβγ = 0 , MακA = MαAκ = MακA = Miκλ = 0 , (3.28)
The intersections M0κλ and M0κλ are in general non-vanishing. However, we can always
chose a special three-form basis (ακ, βκ) such that
M0
κλ = 0 , M0κλ = δλκ , (3.29)
The split of the forms induces a split of the different fields as follows
NA = (NA, Nκ), LΣ = (Lιˆ, Lα), AΣ = (Aιˆ, Aα) . (3.30)
On the one hand, the complex fields Nκ lift to a four-dimensional vectors Aκ (R-R
vectors) and so have to be dualized. On the other hand, the scalars NA correspond to
both the Ga moduli and 7-brane Wilson lines, so they remain as scalars. Regarding the
three-dimensional vector multiplets, the (Aα, Lα) lift to the four-dimensional complex
scalars Tα, so Aα should be dualized into a scalar. Finally, the vectors (Aιˆ, Lιˆ) include
the 7-brane vectors as well as the Kaluza-Klein vector coming from the reduction of the
metric, so they are not dualized.
We are now ready to perform the dualization that brings the action (3.19) into the
appropriate frame to lift to four dimensions. As usual, this can be done in a manifestly
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supersymmetric way by performing a Legendre transform of the kinetic potential K˜ (see
appendix A for a detailed discussion). In order to dualize the scalars Nκ into vectors,
we need to make sure that the kinetic potential does not depend on ImNκ. At first,
this is not the case for K˜ given in (3.20). However, we may remove such a dependence
by performing a transformation of the form (3.25), which yields
K˜ = − log
( ∫
Y4
Ω ∧ sΩ)+ logV + LΣ Re dΣAB ReNAReNB
+ LΣ(2 Im dΣκA ReNκ ImNA + Im dΣAB ReNA ImNB) .
(3.31)
We denote the dual kinetic potential by K(NA, Tα, zK|Lιˆ, nκ) and is given by
K(NA, Tα, zK|Lιˆ, nκ) = K˜(NA, Nκ, zK|Lιˆ, Lα)− Lα ReTα − ReNκ nκ , (3.32)
where the new variables are defined as
ReTα ≡ ∂K˜
∂Lα
, nκ ≡ ∂K˜
∂ReNκ
, (3.33)
The dualized action can then be derived by inserting (3.32) and (3.33) into the general
action (3.19). Notice that ReNκ and Lα in (3.32) should be understood as functions
of Lιˆ, NA,ReTα, and nκ. This requires inverting the maps (3.33), which can be done
explicitly for ReNκ. We find the identify
ReNκ = Re dκλ
(1
2n
λ − Lιˆ Re
[
dιˆ
AλNA
])
, (3.34)
where Re dλκ is defined as the inverse of Lιˆ Re dιˆλκ. For the complex scalars Tα we only
find an implicit expression given by
ReTα =
∂
∂Lα
logV + Re[dαABNA] ReNB , (3.35)
This implicit form of the coordinates and kinetic potential is familiar already from the
orientifold setting (2.13) and (2.17). However, it should be stressed that the M-theory
result is more involved, since it contains the scalars Lιˆ, nκ such that K is not a Ka¨hler
potential.
Determining the dual Lagrangian is technically involved but straightforward. In
order to do that, we have to compute the derivatives of K(NA, Tα, zK|Lιˆ, nκ) and express
them in terms of derivatives of the original kinetic potential K˜(NA, Nκ, zl|Lιˆ, Lα). The
details of this computation are summarized in appendix A.
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3.4 Symmetries of the dual Lagrangian
Before we continue analyzing the three-dimensional Lagrangian, let us first discuss the
symmetries of the dual Lagrangian. For the original Lagrangian, we found a set of
Abelian symmetries given by (3.21) and (3.22), so one might think that the symmetries
of the dual Lagrangian are also Abelian. However, this is not the case [15], which
can be traced back to the existence of a Chern-Simons term in the eleven-dimensional
supergravity action. In the democratic formulation we find that, due to the Chern-
Simons term, the large gauge transformations of the three-form and the dual six-form
potentials are not independent, but rather given by
δCˆ3 = ω3 , δCˆ6 = ω6 − 12ω3 ∧ Cˆ3 , (3.36)
with ω3 and ω6 integral closed forms. Upon dimensional reduction of the democratic
action, one can check that the symmetries may be Abelian or non-Abelian, depending
on how one eliminates the redundant degrees of freedom. A detailed field theory analysis
in arbitrary dimension of this fact can be found in [44].
Explicitly we can investigate the symmetries of the dual Lagrangian by translating
the ones (3.21) and (3.22) from the original one into this new frame. In addition, one
directly checks the new symmetries of the vectors Aκ by using (3.19) with (3.32) and
shows perfect match with the symmetries of nκ as expected by supersymmetry. The set
of gauge and global symmetries is then found to be
δNA = iλA + fAAλ˜A ,
δTα = iλα − 12 λ˜
AQαAB(NB + δNB)− 12(Mα
ABλA +MαABλ˜A)NB ,
δnκ = −Lιˆ(MιˆAκλ˜A +MιˆAκλA) ,
δAκ = dΛκ − Aιˆ(MιˆAκλ˜A +MιˆAκλA) ,
δAιˆ = dΛιˆ ,
(3.37)
where λα, λA, λ˜A are arbitrary real constants and Λκ, Λιˆ are arbitrary real functions.
Notice that the right hand side of δNA, δTα is holomorphic and that the transformation
is valid for finite values of λα, λA, and λ˜A .
The symmetry group is now non-Abelian and, in particular, it is a generalization of
the Heisenberg group. Notice also that, unlike for the original Lagrangian, the symme-
tries of the scalars and vectors are mixed. This can be seen from the transformation
rule for Aκ, that depends on λ˜A and λA, inducing a constant change of basis in the
space of U(1)’s (see also [42]). This necessarily implies that the gauge coupling function
– 28 –
must depend on the scalars and transform under the symmetries appropriately in order
to make the whole Lagrangian invariant. Furthermore, if we were to gauge the global
(non-Abelian) symmetry by promoting λ˜A and λA to be arbitrary functions, we find
that the transformation of the vectors is no longer constant and precisely matches that
of a non-Abelian vector field [15].
More explicitly, in order that the three-dimensional kinetic terms are invariant
under (3.37), i.e.
δ
(
KIJF I ∧ ?FJ
)
= 0 , (3.38)
the three-dimensional gauge kinetic terms should transform, for finite λ˜A = (λ˜A, λ˜κ)
and λA, as
KIJ −→ mKI mLJ KKL , (3.39)
with
mJI =
 δκλ MˆAκλ˜A +MˆAκλA
0 διˆˆ
 . (3.40)
Here the indices I, J , . . . run over all the three-dimensional vectors, namely Aκ and
Aιˆ.
As we will see in the next section, the couplings MiAκ and MjAκ are related to
kinetic mixing of 7-brane and bulk gauge fields, while M0Iκ and M0Aκ have no immediate
four-dimensional meaning. We would like to stress at this point that, in three dimensions,
the coefficient of the kinetic terms of the vectors KIJ is invariant if and only if the
kinetic mixing is zero and M0Aκ and M0Aκ vanish. This carries over to a property of
the four-dimensional gauge coupling function, as we show in the following.
4 Determining F-theory gauge coupling functions
Having determined the three-dimensional action in the correct duality frame, we can
compare it with the circle reduction of an arbitrary four-dimensional action. As shown
in appendix B, the circle reduction of a four-dimensional N = 1 supergravity action (2.1)
yields a three-dimensional N = 2 supergravity given by (3.19), with kinetic potential
K(M |R, ξ) = Kˆ(M,ĎM) + logR− 12R Re fˆIJ(M) ξIξJ . (4.1)
Here we set R = r−2, with r being the radius of the circle, and introduced the scalars
ξI that come from reducing the four-dimensional vector fields. The index I runs over
the four-dimensional vector fields and is split as {κ, i}. From now on, we denote
four-dimensional quantities by a hat.
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4.1 Transformation rules of the gauge coupling functions
Before we proceed to compare the result obtained from the (dualized) M-theory reduction
with a generic four-dimensional theory on a circle, let us discuss the transformation
properties of the four-dimensional gauge coupling functions. In the last section we
saw that, in general, the kinetic terms of the three-dimensional vectors KIJ transform
under the shift-symmetries of the scalars. Clearly, the four dimensional gauge coupling
function shares a similar property. Indeed, consider the ansatz for a four-dimensional
vector on a circle, namely
AˆI = AI − ξ
I
R
(dy + A0) , (4.2)
where dy is the non-trivial one-form on the circle. We also introduced the Kaluza-Klein
vector A0 coming from the reduction of the metric on a circle, namely
dsˆ2 = ds2 + 1
R
(dy + A0)2 . (4.3)
Using (3.37) together with (4.2), we find that the transformation of the four-dimensional
vector on R1,2 × S1 is
δAˆκ = dΛκ − Ai(MiAκλ˜A +MiAκλA) + (M0Iκλ˜I +M0AkλA) dy , (4.4a)
δAˆi = dΛi , (4.4b)
where we used that L0 = R and Li
R
→ 0. Since dy is the non-trivial one-form on S1, we
recognize the last term in (4.4a) as a large gauge transformation. These transformations
along the circle are often key in investigating the properties of the F-theory effective
action as recently demonstrated in [49, 50] for 7-brane gauge fields. Here we find a
non-trivial completion of these transformations to include R-R bulk gauge fields. In the
decompactification limit, large gauge transformations are meaningless since there are
no non-trivial one-forms in R1,3. Thus, we find that the transformation of the vectors
in R1,3 is
δAˆκ = dΛˆκ − Ai(MiAκλ˜A +MiAκλA) ,
δAˆi = dΛˆi ,
(4.5)
where now Λˆκ and Λˆi are arbitrary functions in four-dimensions. This shows that, under
shifts of the four-dimensional scalars NˆA, the vectors Aˆκ transform non-trivially only
when MiAκ or MiAκ are different from zero. This is the M-theory derivation of the result
given in eq. (2.56).
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Now from (4.5) and (2.1), we can readily determine the transformation rules for
the four-dimensional gauge coupling function fˆIJ, namely
fˆIJ −→ mˆKI mˆLJ fˆKL + iCIJ , (4.6)
with
mˆJI =
 δκλ MjAκλ˜A +MjAκλA
0 δij
 , (4.7)
We included the possibility of having a constant shift CIJ in Im fˆIJ. Splitting the indices,
this corresponds to
δfˆκλ = iCκλ
δfˆiκ = pκi fˆκλ + iCκλ
δfˆij = pκi fˆjκ + pκj fˆiκ + pκi pλj fˆκλ + iCij ,
with
pκi = MiAκλ˜A +MiAκλA . (4.8)
Finally, notice that when MiAκ = MiAκ = 0, we find that the gauge coupling
function must be invariant, up to possibly constant shifts of its imaginary part. In
the following we will see that this corresponds to the case in which the kinetic mixing
between the four-dimensional vectors Aˆκ and Aˆi vanishes.
4.2 Gauge coupling functions from dimensional reduction
In the following, we compare the action derived from the kinetic potential (3.32) with the
one derived from (4.1), paying special attention to the gauge coupling function. In order
to do so, we will need the derivatives of the dual kinetic potential K(NA, Tα, zK|Lιˆ, nκ),
which are given in appendix A.
4.2.1 On the weak string-coupling limit
In addition to presenting the F-theory result we will also study the restriction to the
weak string-coupling limit discussed in section 2. In order to do that it is useful to
point out the matching of the moduli. First, note that the complex structure moduli
zK of Y4 correspond to the complex structure moduli of the double cover Y3 of B3, the
axio-dilaton τ , and the D7-brane deformations ζK :
zK
weak coupl.−−−−−−−−−−→ zk, τ, ζK , (4.9)
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which are the fields in the Set 1 given in (2.11).17 Second, the F-theory moduli NA are
naturally split as
NA
weak coupl.−−−−−−−−−−→ (ap, Ga) , (4.10)
where ap are the D7-brane Wilson line moduli and Ga are the R-R and NS-NS two-form
moduli constituting the Set 2 given in (2.12). Third, recalling the result (2.31) and the
definitions (2.7), (2.12) we note that one identifies18 fκλ fκB
fAλ fAB
 weak coupl.−−−−−−−−−−→
−Fκλ|zk=0 0
0 (fpq,−iτδab)
 , (4.11)
where we stress that Fκλ and fpq are only determined as functions of the complex
structure moduli of Y3. The F-theory result is significantly more general, since it encodes
the full dependence on all complex structure moduli zK of Y4. Applying the split (4.9)
it can be used to derive corrections to the orientifold result.
4.2.2 Gauge coupling function for R-R vectors
Let us start with the derivation of the four-dimensional gauge coupling function for the
R-R vectors, namely fˆκλ. From the results in appendix B, we immediately see that the
real part of the gauge coupling function is encoded in Kκλ, which is the kinetic term for
the three-dimensional vectors Aκ. According to eq. (A.13), it is given by
Kκλ =
1
R
Re fκλ , (4.12)
where we assumed that
fκA = 0 , L0 = R . (4.13)
These assumptions appear to be essential. They greatly simplify the results and, in
particular, they make (4.12) into the real part of a holomorphic function, which matches
the expectations from the Type IIB perspective. Thus, we will assert that (4.13) holds
for the rest of the paper. It would be interesting to show that the vanishing condition
fκA = 0 can be proved for elliptic fibrations.
The computation of the imaginary part of the four-dimensional gauge coupling
function is a bit more involved. However, by carefully tracking the circle reduction, we
see that it is encoded in the three-dimensional action in the couplings
F κ ∧ Im(KAˆκ dφAˆ) (4.14)
17Note that we have not included ζK in the orientifold analysis. In F-theory a general zK-dependence
automatically includes these moduli.
18The identification of fκλ with (2.31) will become apparent in the next paragraphs.
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in (3.19), where Aˆ runs over all the chiral fields in three-dimensions. According to the
results in appendix A, we find that
F κ ∧ Im(KAˆκ dφAˆ) =
nλ
2RF
κ ∧ dIm fκλ + L
i
2RF
κ ∧ dIm(QiκaNa). (4.15)
In particular, the imaginary part of fˆκλ is encoded in the coefficient that multiplies
nλ/R above. Thus, from (4.12) and (4.15), we conclude that the four-dimensional gauge
coupling function for the R-R gauge bosons is given by
fˆκλ = −fκλ , (4.16)
which is holomorphic in the complex structure moduli of the Calabi-Yau fourfold, and
therefore holomorphic with respect to the four-dimensional chiral fields. The result
(4.16) is in accord with the expectations from the Type IIB orientifolds, c.f. (2.31).
However, it is important to note that the F-theory result (4.16) is significantly more
general, since the function fκλ can depend on all complex structure moduli of Y4.
4.2.3 Kinetic mixing between R-R and 7-brane vectors
Now we move on to considering the kinetic mixing fˆκi between the open and closed
string gauge bosons. From the circle reduction, we see that Re fˆκi is encoded in Kκi,
the three-dimensional kinetic mixing between Aκ and Ai. We find that the M-theory
reduction yields
Kκi =
1
R
Re
[
Qiκ
ANA
]
, (4.17)
where QiκA is the holomorphic function defined in (3.16). Notice that (4.17) is again
the real part of a holomorphic function of the complex moduli. This also shows that the
mixing is proportional to the couplings MiκA and MiAκ, which are related to the ones
that appear in (4.5) by the identity (3.18). This proves the statement in the last section
that the transformation for the vector is trivial if and only if the mixing vanishes.
Just like in the previous case, we can compute the imaginary part of the mixing
Im fˆκi by analyzing (4.15). In this case, it is given by the term proportional to Li/R.
Thus, we find that
fˆκi = −QiκANA = −(MiκA + ifκλMiλA)NA , (4.18)
which is holomorphic in both the complex structure moduli zK and the moduli NA.
The identification (4.18) agrees with the result given in section 2.5, when asserting
that MiλA is only non-vanishing for the directions of the Wilson line moduli ap. However,
– 33 –
let us stress again that in order to match it with the results obtained in [6] from
dimensional reduction of the D7-brane action we had to use heavily the identities (3.18),
which were not known in the Type IIB context (see the discussion around eq. (2.55)).
Let us briefly mention that we can compute the mixing between the Kaluza-Klein
vector and the R-R vectors, which is
Kκ0 = − 1
R2
(
nλ Re fκλ + Li Re
[
Qiκ
ANA
])
. (4.19)
Of course, this has no meaning in four dimensions. However, it is reassuring to check
that it is what one would expect from a theory that comes from a circle reduction, given
(4.12) and (4.17).
4.2.4 Gauge coupling function for 7-brane vectors
Finally, let us discuss the gauge coupling function fˆij for the seven-brane gauge fields
that, as we saw in section 2.3, is the most involved coupling. In particular, we do not
expect to obtain a holomorphic gauge coupling function fˆij directly from dimensional
reduction. In the following we simply give the result that we obtain from dimensional
reduction and in the next subsection we then discuss how one can use holomorphicity
and the discrete shift-symmetries of the axions to constrain the exact result.
Following the same strategy as before, we see that Re fˆij is given by Kij, the
three-dimensional kinetic terms for the 7-brane gauge bosons. There is, however, a
further complication when discussing this coupling that has to be addressed. As shown
in appendix A, in terms of the original kinetic potential K˜, it reads
Kij = K˜ij − K˜iαK˜jβ(K˜αβ)−1 − K˜κi K˜λj (K˜κλ)−1 , (4.20)
with K˜ given by (3.31). Thus, we immediately see that Kij depends on all the possible
intersection numbers (3.10), but we do not expect all of them to contribute to the
gauge coupling function in four dimensions. In particular, the couplings Kijkl and
Kijkα induce a dependence of Kij on the scalars Li, which have no four-dimensional
scalar analog. This suggests that, just like in [51–53], the classical M-theory reduction
contains terms that correspond to one-loop effects from the circle reduction of the
four-dimensional theory. However, notice that unlike in [51–53], we are performing a
dimensional reduction without fluxes, so the four-dimensional theory is non-chiral in
our case. Thus, the smooth Calabi-Yau fourfold encodes information about non-chiral
states. We leave a more detailed study of these corrections and their interpretation for
future work.
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In order to match the classical circle reduction, we will compute the coupling (4.20)
assuming that the only non-vanishing intersection numbers are
K0αβγ ≡ Kαβγ , Kαβij ≡ −CγijKαβγ , (4.21)
where Kαβγ are the intersection numbers of the two-forms on the base of the elliptic
fibration. We also expressed the intersection numbers Kαβij in terms of those of the
base. The precise interpretation of the divisors labeled with indices i, j depends on
the model under consideration. The first possibility is that i, j are labeling exceptional
divisors over a single non-Abelian 7-brane wrapping a divisor S in the base B3. In this
case one can expand the Poincare´-dual two-form as [S] = δα7ωα|B3 and split Cαij = δα7Cij ,
where Cij is the Cartan matrix of the non-Abelian gauge algebra.19 A second possibility
is that the indices i, j label multiple U(1) gauge factors stemming from several 7-branes
on different divisors in B3. In this case it is convenient to keep Cαij in this general form,
since this allows us to include kinetic mixing among the 7-brane U(1)’s. In either case,
we compute to linear order in Cαij that
Kij = − 3
RKbC
α
ijKbα +
1
R
Re[diAκNA] Re[djBλNB] Re fκλ , (4.22)
where we defined
Kb = KαβγLαLβLγ , Kbα = KαβγLβLγ . (4.23)
In this expression, on the one hand, the first term in (4.22) is proportional to the
volumes of the divisors in B3 specified by Cαij. From the Type IIB perspective this
corresponds to the fact that the gauge coupling scales with the volumes of the cycles
wrapped by the 7-branes. The second term, on the other hand, is proportional to the
couplings MiAκ and MiAκ and, in particular, vanishes when there is no mixing between
Aκ and Ai. Notice that, as expected from the Type IIB discussion, (4.22) is not the
real part of a holomorphic function of the chiral fields, even in the absence of mixing.
Indeed, from (3.33) we have that
Cαij ReTα =
3
KbC
α
ijKbα + Cαij Re[dαBANB] ReNA , (4.24)
which contains a term proportional to the square of NA that is missing in (4.22). This
is precisely the same problem we encountered in the Type IIB setting of section 2.3,
where the contribution proportional to the square of the Wilson lines does not arise
from dimensional reduction.
19In order to have this simple identification one has to restrict to ADE gauge algebras.
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Finally, let us mention that the second term in (4.22) is holomorphic in NA if and
only if we have that
Qiκ
AQjB
κ = 0 . (4.25)
However, this is not sufficient to guarantee holomorphicity in complex structure moduli
zK of Y4. In the following we discuss in detail the corrections that are needed, in four
dimensions, to have a holomorphic gauge coupling function. However, we focus on the
case without kinetic mixing of 7-brane and R-R gauge fields and leave the general case
to future work.
4.3 Shift symmetries, quantum corrections, and theta functions
In the previous subsection we have shown that a direct dimensional reduction of eleven-
dimensional supergravity on a smooth Calabi-Yau fourfold yields vector kinetic terms and
a complex moduli space that appear to be incompatible with a reduced four-dimensional
holomorphic gauge coupling function. In the absence of kinetic mixing the missing
terms in the completion to a holomorphic result are of the form Re(dαBANB) ReNA.
From our detailed discussion of the orientifold setting in section 2, however, we should
be alerted that this apparent conflict was already encountered for D7-brane Wilson
line moduli. In fact, we recalled in subsections 2.3 and 2.4 that the corrections to the
gauge coupling functions quadratic in the Wilson line moduli are only generated at one
string-loop order and therefore are not found by a dimensional reduction of the tree-level
D7-brane effective action. We observe that in F-theory effective actions derived via
eleven-dimensional supergravity a similar feature occurs for all moduli NA, i.e. both the
Wilson line moduli and the R-R and NS-NS two-form moduli in the split (4.10). This
implies that to ensure holomorphicity of the gauge coupling function in Tα one needs to
include in the M-theory reduction a quantum correction of the form
fquantij = Cαij dαBANB ReNA + . . . , (4.26)
In the M-theory setting it is much harder to identify the origin of such a correction.
One expects that it arises due to certain M2-brane states, by following the F-theory to
M-theory duality, but it remains an open question how to make this more precise. As
we will see in the following we can nevertheless infer non-trivial constraints on fquantij by
using symmetries and the expected holomorphicity properties of the effective theory.
For simplicity we will only discuss the case without kinetic mixing in the rest of this
work.
In order to proceed we begin by collecting a few observations supporting the fact
that important corrections have to be missing in the reduction of the supergravity
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action. On the one hand, it is clear from the outset that the three-dimensional reduction
result is invariant under all the shift-symmetries (3.37) even when choosing continuous
parameters λA, λα, λ˜A. Since these symmetries are inherited from the eleven-dimensional
action and unbroken throughout the classical reduction, there is simply no way how
they could be broken. On the other hand, we have argued in subsection 2.4 that in
the presence of the fields NA the continuous symmetries λA, λ˜A acting non-trivially on
the holomorphic gauge coupling function in four dimensions are always broken. The
discrete symmetries are, however, manifest when including 7-brane fluxes or quantum
corrections resulting in a theta function on the complex torus spanned by NA. We
expect that this is equally the case for a full-fledged F-theory compactification, such
that indeed corrections must be missing in the above dimensional reduction.
Note that in the M-theory background (3.2) we did not include any background
fluxes 〈dCˆ〉 on Y4. This implies that the F-theory setting will not contain background
fluxes either and, in particular, we did not consider 7-branes with world-volume fluxes.
This implies that the manifestation of the discrete symmetries for the Ga moduli
obtained in (2.23) by completing i∗B2 − 2piα′F , requires an extension of our M-theory
analysis. In fact, it was argued in [54] that such orientifold fluxes are precisely the ones
that correspond to so-called hypercharge fluxes in F-theory GUTs [55, 56]. They neither
induce a D-term nor an F-term potential for the considered moduli, but nevertheless
can, for example, break a non-Abelian gauge group. In our context they are crucial to
make the discrete symmetries manifest. It is of enormous importance to understand the
manifestation of these fluxes in the M-theory reduction in greater detail.
The second possibility encountered in subsection 2.4 was a manifestation of the
discrete shift-symmetries by completing the first term in (4.26) with a theta function.
In fact, note that the NA span a complex torus T2nF of real dimension 2n = 2(h2,1(Y4)−
h2,1(B3)). Its complex structure is determined by the holomorphic function fAB and by
using our assumption fλA = 0, as given in (4.13), and the restriction to a setting without
kinetic mixing this torus arises trivially in the split of T2h
2,1(Y4)
M defined in (3.23). We
then define a line bundle L on this torus analog to the one in subsection 2.4. Freezing
the complex structure moduli of Y4 one defines the connection in holomorphic gauge
Ahij =
i
4C
α
ij
(
2MαAB Re fAC ReNC +MαABNA
)
dNB , (4.27)
such that Fij = dAhij is a (1, 1)-form. Note that this expression is still in the three-
dimensional Coulomb branch as indicated by the indices i, j. While the lift with a
non-Abelian gauge group is more involved, one realizes that for a single U(1) gauge
group factor one finds the generalization of (2.48). In the following we will restrict to
this Abelian case and drop the indices i, j. Arguing as in subsection 2.4 one can use
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this connection in the non-holomorphic gauge and look for holomorphic sections
Ψ = exp
(
Cα dα
BANB ReNA
)
Θ(NA, zK) , (4.28)
Here, as in subsection 2.4, Θ is a sum of Riemann theta functions with zK-dependent
coefficients, in general.
Unfortunately, we do not know an M-theory argument how Θ can be fully determined.
In addition to the ambiguities in the complex structure dependent coefficients, one
also faces the fact that fluxes should be properly included into (4.28). One might
speculate that the some of the constants (νa, µa) determining the shifts in the theta
functions (2.52) might admit an interpretation as fluxes. However, we also expect
that the non-holomorphic pre-factor and hence the line bundle and connection become
modified. It would be very interesting to investigate the proper inclusion of fluxes in
future work.
5 Conclusions
In this paper we have studied the gauge coupling functions arising in N = 1 Type
IIB orientifolds with D7-branes and F-theory. First, we have analyzed the result that
one obtains from dimensional reduction of Type IIB supergravity coupled to the D7-
brane action without kinetic mixing between the open and closed string gauge fields
following [6]. We have seen that this does not yield a gauge coupling function which is
holomorphic in the chiral coordinates and, therefore, has to be modified. As already
mentioned in [6], one expects that corrections coming from open-string one-loop effects
generate precisely the missing terms to establish a holomorphic result. However, an
explicit computation of such corrections is very challenging and has only been done in a
related setting in toroidal orbifolds [9]. We have shown that by carefully analyzing the
shift-symmetries of the closed string and open string axions in the effective field theory,
one can severely constrain the specific structure of such corrections even in generic
Calabi-Yau vacua.
In Type IIB orientifolds we have discussed two mechanisms to ensure that the gauge
coupling function fˆD7 transforms appropriately under discrete shift-symmetries. On
the one hand, we reviewed the inclusion of D7-brane world-volume flux to make the
symmetries of the R-R and NS-NS two-form moduli Ga manifest. On the other hand,
we have stressed that gauge coupling function in general also depends on the complex
Wilson line moduli ap, which also admit discrete shift-symmetries. In fact, they span
a complex torus with complex structure determined by a function fpq, which is itself
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holomorphic in the complex structure moduli. Then, by simply imposing holomorphicity
and invariance under such symmetries, we obtain that the required one-loop corrections
are encoded by a holomorphic section Ψ = exp(fˆ 1−loopD7 ) of a certain line bundle defined
on the torus spanned by the Wilson lines. Constructing the connection on this line
bundle, such sections are then found to be comprised of a term quadratic in the Wilson
lines, required for holomorphicity of the complete fˆD7, and a sum of Riemann theta
functions with, in general, complex structure dependent coefficients. This form of the
gauge coupling function is in agreement with the results in [9], even though in our
setting the torus is in general not related to the compactification space.
It is important to stress that we did not unravel the precise physical interpretation
of having to deal with holomorphic sections Ψ of the constructed line bundle. We
were lead to this construction by holomorphicity and symmetries of the gauge coupling
function, but we were not able to completely fix the choice of Ψ appearing in the gauge
coupling function. Our construction, however, is reminiscent of the consideration first
given in [32]. In this work the partition function of an M5-brane is constructed and a
similar ambiguity of choosing the correct section had to be addressed. One might hope
that the extensions of [32] to Type IIB supergravity with D-branes [33, 34] might shed
new light on the significance of the choice of Ψ in our setting. It is also intriguing to
point out that the complex structure dependence of Ψ might be fully constrained when
identifying it as a wave-function of a quantum system along the lines of [57]. In would
be interesting to check whether these ideas can be made more explicit for our setting.
Extending our analysis of the Type IIB orientifold setting we have also included
the effects of kinetic mixing between D7-brane gauge fields and R-R gauge fields. In
particular, we derived that when the mixing is non-zero, the gauge coupling function
should not be invariant under the shift-symmetries, since these induce a constant change
of basis in the space of gauge bosons, mixing open and closed string U(1)’s. Our
systematic approach allowed us to clarify certain puzzles that appeared in [15]. In
particular, we argued that it is indeed possible to gauge specific non-Abelian isometries
by Abelian vectors even though the gauge coupling function is independent of such
gaugings. The underlying structure is omnipresent in string theory models and stems
from the fact that higher-degree R-R form potentials admit non-trivial symmetry
transformations under lower-degree forms from the brane or bulk theory. It would be
interesting to see whether the ideas to exploit the stringy symmetries for the axions
and gauge fields can be generalized further.
In the second main part of the work, we have studied the gauge coupling function for
genuine F-theory backgrounds via dimensional reduction of M-theory on a Calabi-Yau
fourfold. One of the main advantages of this approach is that many of the moduli that
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appear to be completely different from the Type IIB perspective, turn out to have a
common origin in the Calabi-Yau fourfold. In addition to being also applicable away
from weak string coupling, the F-theory settings also allow us (1) to fully include the
dependence on the 7-brane position moduli, (2) derive interesting and useful relations
between different moduli that are obscure in the IIB picture, and (3) provide geometric
arguments for the properties of the various couplings in the bulk and 7-brane sector.
In order to investigate the gauge coupling function we have crucially extended the
results in [13]. We performed the M-theory reduction in full generality and explained in
detail the role of the elliptic fibration when performing the dualization to the F-theory
frame. In doing so, we have payed special attention to the shift-symmetries of the
axions coming from the M-theory three-form expanded into three-forms of the Calabi-
Yau fourfold. We have shown explicitly that a direct reduction of eleven-dimensional
supergravity at first only yields shift-symmetries that are Abelian. Due to the dualization
of three-dimensional fields into the F-theory frame they become non-Abelian as already
discussed in [15, 44]. As we have seen, this is a direct consequence of having a non-trivial
Chern-Simons coupling in the eleven-dimensional supergravity action. Furthermore,
it provides the M-theory origin of the more involved shift-symmetries in Type IIB
compactifications.
We then determined the four-dimensional gauge coupling functions of the F-theory
setting, by comparing the three-dimensional M-theory effective action with the circle
reduction of a four-dimensional theory. As in the Type IIB orientifolds, the resulting
gauge coupling function is at first not holomorphic. In fact, the reduction of eleven-
dimensional supergravity does not capture any of the quadratic corrections in the Tα
coordinates determined from the scalar kinetic terms. This is compatible with the fact
that the dimensional reduction does not break the continuous shift-symmetries and
indicates that important quantum corrections are missed. However, by mimicking the
arguments we made for the Wilson line moduli in Type IIB orientifolds, we derived that
an appropriate correction to the F-theory gauge coupling function is again captured
by holomorphic sections of a certain line bundle. Such sections include a quadratic
correction required for holomorphicity in the Tα coordinates, but also generally allow
for as logarithm of a sum of Riemann theta functions with complex structure dependent
coefficients. This line bundle and these theta functions are now defined on a complex
torus spanned by the axions coming from the M-theory three-form that are not dualized
into vector multiplets in the F-theory frame. This torus is thus a subspace of the
complex torus H2,1(Y4)/H3(Y4,Z), which also captures the degrees of freedom of the
R-R bulk vector fields. A detailed study of this geometric object and its variation
over the complex structure moduli space is therefore of key phenomenological interest.
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In this work we have already conjectured certain constrains on geometric data of
elliptically fibered Calabi-Yau fourfolds. In particular, by demanding supersymmetry of
the four-dimensional effective action, we have proposed that the function fAB, which is
holomorphic in the complex structure moduli of Y4 and defined in (3.5), should satisfy
some non-trivial relations. Our analysis has been done for a generic compactification
space, without referring to a specific example. Thus, it would be interesting to analyze
in detail different examples to check whether such relations are indeed satisfied.
Another interesting approach to derive the couplings relevant for the gauge coupling
function in F-theory was presented in a series of papers [58–60]. It was shown in
these papers that the coefficient functions of the couplings of type F 4, where F is an
eight-dimensional gauge field, satisfy certain Picard-Fuchs-type differential equations. It
would be interesting to explore the relation of these findings to the results of this paper.
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A Dualization of three-dimensional actions
In this appendix, we perform the dualization of N = 2 three-dimensional actions,
where massless vectors and scalars are dual to each other. The dualization can be
done explicitly by adding Lagrange multipliers to the action and integrating out the
fields we want to dualize. In fact, this can be done in superspace, where the N = 2
supersymmetry is manifest, and which corresponds to a Legendre transform of the
Ka¨hler potential.
To illustrate this, let us consider the three-dimensional N = 2 action for a massless
vector multiplet
S1(V ) =
∫
d3x d2θ d2sθ K˜(G(V )) , (A.1)
where G is the linear multiplet (D2G = D¯2G = 0) that contains the field strength,
namely G = i2D¯
αDαV .To perform the duality transformation, we consider the parent
action given by
SP (G,Φ) =
∫
d3x d2θ d2sθ (K˜(G)−GRe Φ) , (A.2)
where G is now an unconstrained real superfield and Φ is a chiral superfield. By varying
Φ, we find that G is a linear superfield and substituting this in the action, we obtain
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(A.1). On the other hand, varying the action with respect to G gives
Re Φ = ∂K˜(G)
∂G
, (A.3)
which leads to the dual action
S2(Φ) =
∫
d3x d2θ d2sθ K(Re Φ) , (A.4)
where K is the Legendre transform of K˜.
Therefore, we may dualize the action used in the main text,
S
(3)
N=2 =
∫
−K˜Aˆ ¯ˆB dφAˆ ∧ ? dsφ ¯ˆB + 14K˜ΣΛ(dLΣ ∧ ? dLΛ +FΣ ∧ ?FΛ) +FΣ ∧ Im(K˜AˆΣ dφAˆ) ,
(A.5)
by performing a Legendre transform of the kinetic potential. Since we want to dualize
some of the scalars into vectors, and vice versa, we split the fields as follows20
φAˆ = (φa, Nκ), LΣ = (Lιˆ, Lα), AΣ = (Aιˆ, Aα), (A.6)
and dualize the fields with Greek indices. We also assume that the kinetic potential
does not depend on ImNκ.21 The appropriate Legendre transform is given by
K(ϕa, Tα|lιˆ, nκ) = K˜(φa, Nκ|Lιˆ, Lα)− Lα ReTα − ReNκ nκ , (A.7)
where the new variables are defined as
ReTα ≡ K˜Lα ≡ K˜α , nκ ≡ K˜ReNκ ≡ K˜κ . (A.8)
The dual action takes exactly the same form as (A.5), but with field content changed,
φAˆ = (ϕa, Tα), LΣ = (lιˆ, nκ), AΣ = (Aιˆ, Aκ), (A.9)
and K replaced by its Legendre transform given by (A.7). Although the fields φa and
Lιˆ were not dualized, we nevertheless changed their names to ϕa and lιˆ for clarity.
It is possible to express all the derivatives of K in terms of those of K˜, if one knows
the derivatives of the old variables with respect to the new. The dualization gives us
20Notice that, for the dualization in section 3, we have that φa = (zK, NA).
21This is actually not strictly necessary, however, it is true for the Ka¨hler potential that we dualize
in the main text.
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the opposite, i.e. the derivatives of the new variables with respect to the old, which we
collect in a matrix
M ij =
∂xinew
∂xjold
=
lιˆ ϕa ReTα nκ

διˆˆ 0 K˜αˆ K˜κˆ Lˆ
0 δba K˜bα K˜κb φb
0 0 K˜αβ 0 Lβ
0 0 0 K˜κλ ReNλ
≡
1 B
0 D
 , (A.10)
where we assumed that K˜κα = 0.22 The derivatives of the old variables in terms of the
new ones is given by the inverse of this matrix, namely
M−1 =
1 −BD−1
0 D−1
 =
Lιˆ φa L
α ReNκ

διˆˆ 0 −K˜βˆ(K˜αβ)−1 −K˜λˆ (K˜κλ)−1 lˆ
0 δba −K˜bβ(K˜αβ)−1 −K˜λb(K˜κλ)−1 ϕb
0 0 (K˜αβ)−1 0 ReTβ
0 0 0 (K˜κλ)−1 nλ
. (A.11)
Using this we find the derivatives of the new kinetic potential in terms of derivatives of
the original one, which are given by
Kκλ = −(K˜κλ)−1 Kκi = K˜λi (K˜κλ)−1
Kαβ¯ = −14 (K˜αβ)−1 Kaκ = K˜λa(K˜κλ)−1
Kij = K˜ij − K˜κi K˜λj (K˜κλ)−1 − K˜iαK˜jβ(K˜αβ)−1 Kαa = 12 K˜aβ(K˜αβ)−1
Kai = K˜ai − K˜κi K˜aλ(K˜κλ)−1 − K˜iαK˜aβ(K˜αβ)−1 Kαi = 12 K˜βi(K˜αβ)−1
Kab = K˜ab − K˜aκK˜λb(K˜κλ)−1 − K˜aαK˜bβ(K˜αβ)−1 Kακ = 0 .
(A.12)
For the case analyzed in the main text, namely for K˜ given in (3.31), we find the
22This is true for the Ka¨hler potential (3.31), since dακA = 0. It is straightforward to drop this
assumption.
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following derivatives of K
Kκλ =
1
R
Re fκλ (A.13)
Kκi =
1
R
Re[QiκANA] (A.14)
KκK =
1
2R ∂Kfκλ(n
λ + iLiMiλANA) =
1
2R
(
∂Kfκλ nλ + ∂KQikA LiNA
)
(A.15)
KAκ =
1
2RQiκ
A Li (A.16)
KAi =
1
2RQiκ
Anκ − 1
R
(
Qiκ
A Re[djBκNB] +QjκA Re[diBκNB]
)
Lj
+ 12R
(
Re dαABNB + dαAB sNB)CαijLj (A.17)
KiK =
1
R
∂Kfκλ
[
− 2
(
Re[djAκNA]diλB ReNB + iRe[diAκNA] Im djλBNB
)
Lj
+ nκi Im diλANA
]
− 12R ∂KfBC
(
Re fAB dαCD ReNA ReND
)
CαijL
j (A.18)
Kij =
1
R
Re
[
−Cαij
(
Tα − Re[dαABNB] ReNA
)
+ 4 Re[diAκNA] Re[djBλNB] Re fκλ
]
(A.19)
Kαi = −
1
2RC
α
ijL
j (A.20)
Kαβ¯ = 116(Gαβ)
−1 + 116R(Gαγ)
−1(Gβδ)−1HγδCijLiLj , (A.21)
where we defined
Gαβ ≡ −32
(Kbαβ
Kb −
3
2
KbαKbβ
(Kb)2
)
(A.22)
Hαβγ ≡ −34
(Kbαβγ
Kb − 3
KbαβKbγ +KbβγKbα +KbγαKbβ
(Kb)2 + 9
KbαKbβKbγ
(Kb)3
)
, (A.23)
and worked at leading order in Cαij . It is also useful to consider the following combinations
(A.24)F κ ∧ Im(KAˆκ dφAˆ) =
nλ
2RF
κ ∧ dIm fκλ + L
i
2RF
κ ∧ dIm(QiκANA)
(A.25)
F i ∧ Im(KAˆi dφAˆ) =
nκ
2RF
i ∧ dIm
(
Qiκ
ANA
)
+ L
j
R
F i ∧ dIm
[
−Cαij
(
1
2 Tα − Re[dαBANB] ReNA
)
+ 4 Re[diAκNA] Re[djBλNB] Re fκλ
]
.
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B Circle reduction of four-dimensional N = 1 supergravity
In this appendix, we perform the circle reduction of the following four-dimensional
N = 1 ungauged supergravity action,
S(4) =
∫
M4
1
2Rˆ ?ˆ 1− KˆAsB dMˆA ∧ ?ˆ dĎˆM B¯ − 14 Re fIJ(Mˆ)Fˆ I ∧ ?ˆFˆ J
− 14 Im fIJ(Mˆ)Fˆ
I ∧ Fˆ J ,
(B.1)
where KˆAsB and Re fIJ are positive definite (we use the mostly minus metric convention),
and hatted objects live in four dimensions. When M4 =M3 × S1, we can decompose
the metric as
dsˆ2 = ds2 + r2 (dy + A0)2, y ∼ y + 2pi . (B.2)
With such a decomposition of the metric, one finds the following reduction of the
Einstein-Hilbert term∫
M4
1
2R4 ?ˆ 1 =
∫
M3
1
2R3 ? 1−
1
4R2 dR ∧ ? dR−
1
4R2F
0 ∧ ?F 0 , (B.3)
where in addition, we performed a Weyl rescaling gnewµν = r2goldµν to bring the action to
the Einstein frame, and introduced the new variable R ≡ r−2.
Furthermore, the reduction ansatz for the vectors is,
AˆI = AI − ζI (dy + A0) , (B.4)
where ζI are three-dimensional scalars. The reduction of the terms containing vectors is
(B.5)
∫
M4
Re fIJ Fˆ I ∧ ? Fˆ J =
∫
M3
1
R
Re fIJ
[(
F I − ξ
I
R
F 0
)
∧ ?
(
F J − ξ
J
R
F 0
)
−
(
dξI − ξ
I
R
dR
)
∧ ?
(
dξJ − ξ
J
R
dR
)]
,
(B.6)
∫
M4
Im fIJ Fˆ I ∧ Fˆ J = 2
∫
M3
dIm fIJ ∧
(
F I − 12
ξI
R
F 0
)
ξJ
R
,
where we introduced ξI ≡ RζI, which are the proper three-dimensional scalar fields
(they form a vector multiplet together with the reduced vector AI ; similarly R and A0
form a vector multiplet).
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Putting all this together we obtain the following three-dimensional action
S(3) =
∫
M3
1
2R3 ? 1−
1
4R2
(
dR ∧ ? dR + F 0 ∧ ?F 0
)
− KˆAB¯ dMA ∧ ? dM¯B
− 14R Re fIJ
(
dξI − ξ
I
R
dR
)
∧ ?
(
dξJ − ξ
J
R
dR
)
− 14R Re fIJ
(
F I−ξ
I
R
F 0
)
∧ ?
(
F J−ξ
J
R
F 0
)
− 12 dIm fIJ ∧
(
F I−12
ξI
R
F 0
)
ξJ
R
.
(B.7)
One can check that this action can be put into the standard N = 2 supergravity form,
S(3) =
∫
M3
1
2R3 ? 1−KAB¯ dM
A ∧ ? dĎMB
+ 14KIJ
(
dξI ∧ ? dξJ + F I ∧ ?FJ
)
+ F I ∧ Im(KIA dMA) ,
(B.8)
with kinetic potential
K = Kˆ(M,ĎM) + logR− 12R Re fIJ ξIξJ ,
where the indices (0, I) have been gathered into a single index I,
ξI = (R, ξI), AI = (A0, AI) .
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